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Abstract—This paper presents a localization method for a
harmonic source using a single moving sensor in a piecewise-
linear trajectory with a known velocity. Through the movement
of the sensor, spatial information is embedded in the recorded
signal. An approach is proposed to extract that spatial
information by reformulating the single-channel signal into
multi-channel waveforms. A temporal correction factor is then
derived and applied to approximate the multi-channel waveforms
as the signals from multiple synthetic sensors to model a virtual
static array. The proposed approach enables the construction of
the array covariance matrix and applies a beamforming-based
technique for source localization. Numerical results demonstrate
that its statistical performance follows closely with the
conventional sensor array approach. Finally, the paper also
shows the experimental verification of the approach in a practical
context of sound source localization using a single microphone.

Keywords—sensor array, localization, single sensor, linear
motion, synthetic aperture.

I. INTRODUCTION

Source localization is one of the key research subjects in
array signal processing. Numerous approaches for a static
array, such as the conventional delay and sum [1], correlation-
based Capon [2], and subspace-based approaches, including
MUSIC [3] and ESPRIT [4], have been derived based on the
various signal and noise assumptions to obtain an optimal
solution [5]. Although each of these algorithms has different
strengths and weaknesses, all of them require multiple sensors
to form an array for processing. The localization performance
of the algorithms is directly proportional to the number of
sensors used.

In recent years, a great deal of research has been conducted
on extending the array apertures using moving sensor arrays
[6]. These methods include the extended towed array
measurement approach (ETAM) [7-9], which wuses the
correlation between the overlapping positions of each sensor to
correct the mismatch attributable to its movement to form a
larger synthetic array aperture. The moving circular array
approach [10] has also been used, which requires a static sensor
working in tandem with a rotating array. Still, few have
considered the possibility of extending the array aperture with
only a single sensor. Previously, Hioka and Kishida [11, 12]
proposed the CAROUSEL architecture, which demonstrated
that the directions of arrival (DOA) estimate could be achieved
by using a single sensor moving along the circumference of a
circle.
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This paper shows that, if the trajectory of the sensor is
either known or deduced from its known initial position and
velocity, the piecewise-linear trajectory can be exploited to
form a linear synthetic array aperture to localize a stationary
source. The approach presented in this paper attempts to extend
that of Hioka and Kishida by formulating the problem
differently, such that it is not limited to the circular trajectory.

Section II first presents an introduction to the proposed
method that considers only an acoustic monopole signal and
the approach to reformulating the single channel into the multi-
channel waveform. Next, the temporal correction factor is then
derived from the multi-channel waveforms to extract the
embedded spatial information and applied to approximate the
recording as a virtual static array, the one sensor array (OSA).
After the OSA is formed, localization can be achieved by
solving it as a modified beamforming problem. Finally, the
section ends with the extension of the OSA approach for
monopole to a general harmonic source model. Section III
includes numerical analyses conducted for monopole and
harmonic sources. Section IV presents the experimental
analysis to validate the proposed OSA approach on a set of
experimental data collected with sensors mounted on an
electric vehicle (EV). Section V presents the conclusions of the

paper.
II. PROBLEM FORMULATION

A. Signal Model for Single Acoustic Monopole

Without loss of generality, consider a stationary point
source signal captured by a single moving sensor as shown in
Fig. 1. The source located at the spatial position ry = (x;, ;)
is denoted as:

s(t) = Asel @), (1

where Ag, w, and Y are the amplitude, angular frequency, and
phase of the monopole, respectively. Because of the stationary
assumption, A; and 1 are assumed time-invariant.

This signal is recorded by the moving sensor p(t), initially
located at the origin (x,y) = (0,0), and is expressed as:

p(®) =s®e P +q(t), 0<t<T, 2)
where r(t) = ||ry + vt]|, is the Euclidean distance between

the source and sensor at time t moving with velocity v; q(t) is
the additive white Gaussian noise used to model the spatial and
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Fig. 1: Moving sensor configuration.

temporal noise inherent in the moving sensor. w/cis the
wavenumber of the source signal as the sensor moves within
the recording window of T second. In addition,
e~Jor(®/c constitutes the phase shift because of the propagation
of the signal toward the moving sensor. The collected samples
can now be decomposed into N frames, such that each frame is
quasi-stationary [13]. The nth frame can be expressed as:
pa(t) =p(t+ (n—1AT), 0<t<AT, ?3)
where AT = T/N is the duration of each nth frame. The N
frames can now be expressed in the vector form as:
p(©) =[p.(®

pv@®]T, 0<t<AT, @)

where (. )7 denotes the transpose operation.

B. Design of Temporal Correction Factor

For brevity, q(t) will be dropped from the signal model in
(4), arriving at:

s(t + 0 AT)e Jer@+ 0D

p(®) = : : (&)
s(t+ (N — 1) AT)e /e W=D aD)
Rearranging (5) yields:
eJw0AT 0 e—j%r(u 0AT)
p(O) = A/ @D g 0 ] [ ; ] (6)

0 0 ejoW-1)AT o Jer(t+ (-1) AT)

|
Source Component Temporal Delay Source Propagation

From (6), it is now clear that p(t) consists of a temporal-
delay component, e/ @((=DAT) and its source with propagation

component, 4,¢/ @V 77 D AT) Here two observations can
be noted. First, if the nth r(t + (n—1) AT) in the source with
propagation component is approximately constant, it is similar
to the nth sensor of a static array response. Second, the
observed temporal-delay component in (6) is correctable with
A, = diag([¢e-jwoar e~JoW-DAT]) a temporal correction
factor. Applying the first observation and the temporal
correction factor A, arrives at following OSA expression:

Hol
e _]FT(H' 0 AT)

Posa(t) = Ap(t) = Age/@t+¥)

e

» (D

—j2r(t+ (N-1) AT)
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which has a similar response to a static array.

C. Localization through Beamforming

The localization problem can now be solved in the
beamforming formulation in three steps. First, the search
space immediately in front of the OSA is constructed using
grid points. Next, for each of the grid points in the search
space, the spatial spectrum energy is computed. Finally, the
energy of the grid space is analyzed, and the point with the
highest energy is interpreted as the highest likelihood of the
source location.

Concretely, let R = {r: 7.} denote the set that
contains the search space pointing to the discrete grid points
within the OSA search area in a free field, and v = (vx,vy)
denote the estimated velocity of the sensor moving along a
trajectory. The position of each nth synthetic sensor of the
OSA can be approximated by the position of the moving
sensor when it is at the middle of each nth frame, i.e., at
VAT (n — 0.5). Now, the steering vector can be constructed as:

e‘fa/(xj-”x 05 87) +(yj-vy 0.5 AT )

®)

[ 1
a(r) =] |

le—jf\/(xj—vx (V-0.5) AT)* +(y;-v, (N-05) AT )” |
where 1; = (x;,;) €R is the vector pointing to a discrete
point within the OSA immediate vector space, w is the angular
frequency of the source, and c is the speed of propagation in
the medium.

Next, to compute the beamformer energy of each grid
point, the N X N covariance matrix of the OSA signal must be
constructed. Each element of the covariance matrix represents
the correlation of two synthetic sensor signals; it is defined as:

Rosa = EPosa®Psa(®)} = AcRppAIL:I' )

where E{.} and (.)¥ correspond to the expectation and the
Hermitian operation, respectively. R, = E{p(t)p"(t)} is the
covariance matrix of the OSA before correction. In practical
application, this covariance matrix is unavailable and is
estimated with its sample covariance matrix [14]:

= 1
Rosa = A 23, p(Op" (D} AY = AR,,AY,  (10)

where 7 is the total number of samples. Finally, the source is
localized through finding the argument that maximizes the
MUSIC spatial spectrum [2, 3, 15, 16]:

1
afl(r))Gosalsaa(r;)

(11

s =arg max, ep

where G 54GHs4 in (11) is the noise subspace of the sample
covariance matrix of the OSA. It is computed after performing
the following eigen-decomposing operation on (10), Rpgs =
{SOSAAOSASgSA + GOSAFOSAGgSA} with Spg, and Agg, being
the signal subspace eigenvectors and eigenvalues,
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respectively, and G,g4 and T,s, being the noise subspace
eigenvectors and eigenvalues, respectively.

However, because the noise subspace of Ryg,is a
translated noise subspace of I’?pp with the temporal correction
factor A, i.e., Gosa = A.Gpp, where Gpp is computed from
the eigen-decomposition of Ry, = SppAppShp + GppTppGhp -
Therefore, (11) can also be interpreted as:

o 1
T = A TR G e G )

(12)

where w(r;) = A;ta(r;) = Afa(r;), is the weights for OSA
localization.

D. Harmonic Signal using Beamformer in Frequency Domain

The monopole model in (1) can naturally be extended to the
harmonic signal model by the superposition of the pitch and its
I — 1 harmonic component with an unknown phase shift at
each ith pitch to capture the random superposition [12]. Now
s(t) can be extended to arrive at:

s(t) = Tioy A e @YD), (13)

where Ay, and 1; are the amplitude and phase of the ith order

harmonic components. Substituting (13) into (2) arrives at the
following expression for the moving sensor recording:

p(t) = {=1A5iej(wti+1/)i) e—j;r(t)i +q(0). (14)

Now, the OSA recording for (13) before correction can be
constructed by substituting (14) into (4).

Coincidentally, to extend the proposed algorithm to solve
for a harmonic signal, it is prudent to transform the OSA in (7)
to the frequency domain [17] representation. This is necessary
to construct the sample covariance matrix of the OSA to
capture all harmonic components. The OSA in the frequency
domain can now be denoted as:

pk) = Fip(©)} = [ (k) pvIT,  (15)

where F{.}is the Fourier transform operator along the row of
(4). The correlation matrix of each frequency bin in (15) can
be defined as:

R,,(k) = E{p(k)p" (k)}. (16)

The temporal correction factor is also extendable to the
frequency representation by means of a similar process with:

e—ju)kOAT

A (k) = diag : , 17)
e—ju)k(N—l)AT

where w,, =27”k, with K being the total number of frequency

bins. Applying (17) onto (15) arrives at the following
corrected OSA recording for each frequency bin:
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Posa(k) = Zc(k)ﬁ(k)- (18)

Similar to (9), the N X N covariance matrix of the corrected
frequency domain OSA at the kth bin is constructed using:

ﬁOSA(k) = E{ﬁOSA (k)ﬁOSA ()}

Finally, the localization of the harmonic source can be
achieved by substituting (19) into (12) to arrive at:

Py = argmax, ez Shot B(ry k), (20)
where

1
W (r;, k)Gpp(k)GH, ()W (1), k)

Bl k) =
with the nth element of v~v(r]-, k):

[W(ry, )], = [AcG0], [a(r;. k)],

Here, [4.(k)] is the nth diagonal value of (17) and [a(r;, k)] =

LW, 2 2 .
e—jT"J(xj—vX (n-0.5) AT)" +(yj-v, (n-0.5) AT) is

the nth steering vector of the
kth bin. Similar to (12), Gpp(k)GHp (k) is the noise subspace
at wy, computed through the eigen-decomposing operation.

Practically, in the localization problem, the frequency wy
of the source signal is usually unknown. Nonetheless, this is
easily overcome by performing a power spectrum analysis of
the recorded signal in (14) to estimate the principal frequency
content of the harmonic source. The frequency estimation of
the source can be further refined using standard numerical
optimization to find the frequency that maximizes (20).

III. NUMERICAL ANALYSIS

This section presents numerical simulations to illustrate the
validity of the OSA approach established in section IL. In the
simulation, a moving sensor initially located at the origin of the
Cartesian coordinate system is made to move with a velocity of
v = (v, 1) = [1,0] m/s in the +x direction and a sampling
rate of 25.6 kHz. The acoustic propagation medium is assumed
to be air with ¢ =343 m/s. First, the OSA localization
performance of (12) to a monopole of f = 250Hz was
compared with the Cramer-Rao bound (CRB) of the static
array (SA) response [18, 19]. In terms of comparison, both
OSA and SA were made to have the same number of sensors
and available snapshot for the covariance matrix. The CRB is a
theoretical statistical bound of a SA covariance matrix at its
given signal-to-noise ratio (SNR). Next, the performance of the
OSA to a harmonic source of the same frequency of 250 Hz
was evaluated.

Fig. 2 depicts the standard deviation of 500 localization
trials of the OSA using (12). Here, the standard deviation is
compared with the v CRB for a source in SA at SNR -20 to 10
dB. The OSA is constructed with AT =60 sec, N =
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384 synthetic sensors, with each sensor having an inter-sensor
spacing of 0.15625m, and the source located atry, =
(30,15) m. Here, perfect knowledge of the signal’s frequency
is assumed to evaluate only the localization performance.

Standard Deviation of #; (m)
Standard Deviation of § (m)
=
3

-20 -10 0 10 -20 -10 0 10
SNR (dB) SNR (dB)

Fig. 2: A comparison plot of the OSA standard deviation to the VCRB of the
static array for (left) X; estimation and (right) J, estimation.

The estimation performance of X;and J;, of the OSA
closely follows the CRB of the SA over a wide range of SNR.
The convergence of J; begins at SNR of +8 dB. Nonetheless,
poorer performance at higher SNR is expected because of the
model approximation error. Finally, the estimation
performance of OSA will degrade if the nth synthetic sensor is
not modeled at DAT (n — 0.5) because of poorer model
approximation.

Fig. 3 depicts the evaluation of (21) using 500 Monte
Carlo trials. A harmonic source with I = 3 and fundamental
frequency of 250 Hz is prepared, each with a variance of one
and random phase of ¢ = [—m, +m]. The recording duration of
the OSA is constructed with AT = 10 sec, N = 20 synthetic
sensor, with each sensor having an inter-sensor spacing of 0.5
m. The signal is located at ry = (4,15) m with its SNR varied
based on the ratio of signal energy and noise, i.e., SNR =
E{s(t)}/E{q(t)}. The only information assumed about the
signal is that it is a harmonic source. Therefore, to acquire
information, such as the frequencies of the signal, we propose
to use the Welch power spectral density (PSD) [20]. The
signal frequencies are first estimated using the PSD before
applying (20). Because the PSD approach only provides an
estimate of the frequencies, numerical optimization is required
to determine the true signal frequencies.

The performance of the OSA is compared with the results
when the true frequency information is available and the
estimation performance when a SA is used. When the
estimated frequency is accurate, the performance of the OSA
is comparable to that of the SA. In addition, when the signal
frequency of the OSA is estimated and optimized, the
performance approaches that of an SA at high SNR. This
result illustrates that the localization of a harmonic source is
robust when a good estimate of the frequency is available.
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Fig. 3: A comparison between the OSA standard deviation of source-location
estimation error, || ¥} — T'g||, when the frequencies are known and estimated
to the SA standard deviation of source-location estimation error.

IV. EXPERIMENTAL RESULTS

After the simulation, the OSA algorithm was applied to a
set of data collected from a driving experiment from [21] as
depicted in Fig. 4. The microphone is mounted on top of an
electric vehicle (EV) located at (x,y) = (+6.605,—0.25) m.
The EV traverses along a linear path at approximately
v =5.08km/hr with a speaker located at 1y=
(30, 15) broadcasting a composite square wave of 250 Hz,
750 Hz, and 1250 Hz. The recording was performed for AT =
27 sec at a sampling rate of F; = 25.6 kHz. Using (21),
N = 60 synthetic sensor was created. As in the harmonic
signal simulation, no knowledge of the frequency was
assumed. Consequently, the Welch PSD and numerical
optimization are used to identify the spectral response before

applying (20).

Fig. 4: Experimental setup of the OSA recording using the electric vehicle
(EV) with the microphone mounted on top.

Fig. 5 shows the recorded signal and MUSIC spatial
spectrum of the OSA model with a beamformer resolution of
0.25 m at the combined spatial spectrum. Although the source
was localized with a source-location estimation error, it is
attributable to the difficulty of maintaining a constant velocity
along the drive-by trajectory [21]. Nonetheless, the results
demonstrated that OSA localization of a harmonic source is
achievable wusing a single moving sensor with an
approximately known velocity.
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Fig. 5: Recorded signal (top) and MUSIC spatial spectrum (bottom) of the
OSA on the drive-by experimental, Combined: #, = (30.55, 15.8).

V. CONCLUSION

This paper addresses the problems of performing
localization when there is insufficient space for sensor
placement and demonstrates that harmonic source localization
is achievable using the OSA approach based on a single
moving sensor of a known piecewise-linear trajectory. The
proposed approach consists of three steps. (1) The data are
acquired from a single sensor moving along a trajectory with a
known velocity v while observing the signal. (2) The data are
then preprocessed to decompose the signal into frames before
synchronizing the frames through the application of a temporal
correction factor. (3) Finally, conventional beamforming is
applied for source localization. The numerical simulation
conducted and experimental verification shows that the
proposed technique can be applied to localize a harmonic
source using a single moving sensor. Essentially, this work
advances the framework of using one sensor for DOA
estimation beyond a circular trajectory.
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