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Abstract—This paper presents an exact formulation of Stochas-
tic or Unconditional Maximum Likelihood (UML) estimation for
directions-of-arrival (DOA) finding. In the previous formulation
of UML estimation, an important condition is missing. That is
the non-negative definiteness of the covariance matrix of signal
components without additive noises. Because of the lack of the
important condition, inadequate global solution appears in the
solution space and global search fails to find adequate solution.
We have derived an exact formulation including this important
condition. Then the inadequate global solution disappears and
global search finds adequate solution.

I. INTRODUCTION

The localization of multiple signal sources by a passive
sensor array is of great importance in a wide variety of
fields, such as radar, geophysics, radio-astronomy, biomedical
engineering, communications, underwater acoustics, and so on.
The basic problem in this context is to estimate directions-of-
arrival (DOA) of narrow-band signal sources located in the
far field of the array. A number of super-resolution techniques
have been introduces, such as Conditional or Deterministic
Maximum Likelihood (CML) method [1], [2], [3], [6], [9],
Unconditional or Stochastic ML (UML) method [6], [8], [7],
[9], MUSIC [11], [12], ESPRIT [10], Weighted Subspace
Fitting (WSF) [13] and the Bayesian method [14].

The CML, UML, WSF and Bayesian techniques have
properties superior to other methods since they can handle
coherent signals without any preprocessing, such as the spa-
tial smoothing [12]. They can also handle small number of
snapshots, although the Bayesian method [14] is formulated
only for a single snapshot. It is known that the UML estimator
shows better solutions for coherent signals than the others.

In the previous formulation of UML estimation, an impor-
tant condition is missing. That is the non-negative definiteness
of the covariance matrix of signal components without addi-
tive noises. Because of the lack of the important condition,
inadequate global solution appears in the solution space and
global search fails to find adequate solution. We have derived
an exact formulation including this important condition. Then
the inadequate global solution disappears and global search
finds adequate solution.
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II. PROBLEM FORMULATION

Consider an array composed of p sensors with arbitrary
locations and arbitrary directional characteristics, and assume
that ¢ narrow-band source, centered around a known fre-
quency, say wg, impinge on the array from distinct directions
01, 02, ..., Oy, respectively.

Using complex envelope representation, the p-dimensional
vector received by the array can be expressed as

q

x(t) =) aB)sk(t) + n(0),

k=1

e))

where s (¢) is the k-th signal received at a certain reference
point. n(¢) is a p-dimensional noise vector. a(f) is the
”steering vector” of the array towards direction 6, which is
represented as

a(0) = [a;(0)e™/@n @ q, (@)oo (2

where a;(0) is the amplitude response of the i-th sensor to

a wave-front impinging from the direction 6. 7;(0) is the

propagation delay between the i-th sensor and the reference

point. The superscript 7' denotes the transpose of a matrix.
In the matrix notation, (1) can be rewritten as

x(1) = A(©)s(1) + n(0), 3)

A©) =[a(6)) aBa) - a(6y) . @)
s(1) =[s100) 5200) -+ sq(0) T", (5)

O={6,0, - 6, }. (6)

Suppose that the received vectors x (¢) is sampled at N time
instants 1, #5, ..., ty and define the matrix of the sampled data
as

X =[x1) x(2) - (7

The problem of DOA finding is to be stated as follows. Given
the sampled data X, obtain a set of estimated directions

x(tn) |-

~ A

O={0,0, - 0, (8)

of 91, 92, cens Qq.
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III. ML ESTIMATION

In this section, an exact formulation of UML estimation of
DOA is derived.

To solve the problem of ML estimation of DOA, we make
the following assumptions.

Al) The array configuration is known and any p steering
vectors for different p directions are linearly inde-
pendent.

n(t;) are statistically independent samples from a
complex Gaussian random vector with zero mean
and the covariance matrix 021 ,, where I, isa px p
identity matrix.

s(t;) are statistically independent samples from a
complex Gaussian random vector with zero mean and
a certain covariance matrix S with rank{S} = r,
where r < g. In the case of r < ¢, the signals are
coherent or fully correlated which happens, e.g., in
specular multi-path propagation. s(¢;) are indepen-
dent of n(z;) for any i and j and satisfy

rank{[ s (1) s(2) -+ s(n) [y =1 (9)

q is known.

P, q and r satisfy the condition that a unique solution
of DOA exists in the noise-free case. When the
direction 6 is expressed by a single real parameter,
the sufficient condition of the uniqueness is given by
g < 2rp/(2r 4+ 1) and the necessary condition is
given by ¢ < 2rp/(2r + 1) [15].

A2)

A3)

Ad)
A5)

A. Stochastic Model

According to the assumptions Al) to AS), x(¢) is a p-
dimensional complex Gaussian random vector with zero mean
and the covariance matrix R,

R = E{x(t)x" (1)} = A@©)SA (©) + 021,  (10)

where the superscript H denotes the Hermitian transpose of a
matrix. The probability density function of X is given as

1 N N . »
f(X)Z(nPdet{R}) P _nzzlx ()R 1)
(11)

The covariance matrix R is parametrized by ®, S and o2.
O indicates a set of directions. .S is a non-negative Hermitian
matrix with rank{S} = r. 02 is non-negative real number.
The log-likelihood function of unknown parameters ©®, S
and o2 for given X is defined as
N
L(©.S.0%) = —NIndet{R} - Y x" (1) R™" x (1)
n=1

=—-N <lndet{R} + tr{R_lil}) (12)

where a constant term is ignored and R is the sample
covariance matrix defined by

~ 1
R=—-XX".
N
Using a square root matrix of a non-negative definite
matrix', the p x¢ matrix V §(®) composed of the orthonormal
system of the signal subspace spanned by A4 (®) is represented

as

13)

Vs© =A4©) (47 ©a4©) a4
and define the unitary matrix
G(©) = [V'5(6) ¥ x(©) 1s)

where Vn(0©) is a p X (p — ¢g) matrix composed of the
orthonormal system of the noise subspace which is an orthog-
onal complement of the signal subspace. Then, the covariance
matrix R can be represented as

R=Vs©®PVE®) +51I

_cron| Rss 0 H
~6©| % &hﬂ]G(@ (16)
H/2 1/2
where P = (AH (@)A(@)) s (AH (@)A(@)) and
Rss =P + Gzlq.
Let Ay, A2, ..., Ag be eigenvalues of Rgs. Since rank{S} =

rank{P} = r, it holds that A > ot fork =1,2, .., r
and Ayp; = Apq2 = o Ag = o2. Let vy be eigenvectors
corresponding to A for k = 1, 2, ..., g. Define p-dimensional
vectors

07

up =l 00 .. a7)

The model of the covariance matrix R with rank{S} =
rank{ P} = r is given as follows.

¥
R = G(©) (Z(kk —oHuguf +0°1,
k=1

)GH(®). (18)

The set of unknown parameters is { ®, Ay, Az, ... A, vy,
vy, ... vy, 02 }, where ® is a set of directions and o2 is a
non-negative real value as mentioned above. Furthermore the
following conditions are imposed on the parameters: Ay is a

real value and satisfies Ay > 0% for k =1, 2, ..., r and vy,
V3, ... U, satisfy
1 =)
H
H .. 19
b b {O(i#j) (1

IFor a non-negative definite matrix B, the sc}_lare root matrix B 172 is

defined as a matrix C which satisfies B = C C " . The following notations
are used, (BIZ)H BH/2 (Bl/z) 1= pg~1/2

BI/Z)H)—
((31/2) l)H B_H/2 and we have (B~ 1)1/2

B—H/2
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B. Likelihood Function

Using the model of R in (18), the inverse of the matrix R
is represented as

_ "1 1 1
R'=G(©) (;;(ﬁ - ;)ukuf + ;1},) G 1 (0).
(20)

The log-likelihood function in (12) for a fixed r is rewritten
as

Ly(O, A, ecsAp V1, ..., 0,,07)
_ r
—_N (m {klkz...k, (02)p r} +3 ii
k=1"k
+0L2 {tr{k}—Zlk}) 1)

k=1
where
Ik =ullGH(O)RG (©)uy
=vRss(®)y fork=1,2,...r (22
Rss5(0) =V (©)RV5(0). (23)
C. Maximization with Respect to A1, As, ... A, and o
Given © and an orthonormal system { vy, vz, ..., v, } of

an r-dimensional subspace in g-dimensional complex Euclid
space C?, we consider the maximization of L, in (21) with
respect to Ay, Az, ..., A, and o2 under the conditions A; > o2
for k =1, 2, ..., r instead of A; > o2.

We assume with no loss of generality that vy for k = 1,
2, ..., r are ordered so that [y > [, > ... > [, where [} are
defined in (22) and define

oy = %tr{k} (24)

k
2 : - (tr{R}—Zli) for k=1,2, .., r. (25)
P i=1

0, =
Let p be an index in { O, 1, ..., r } which satisfies one of
followings
o, =1 for p =0
lp>03 >l forp=1,2,..,r—1. (26)
ly >0} for p=r

The maximum likelihood estimators of Ay, As, ..., A, and
02 for fixed ® and { vy, va2, ..., v, } under the conditions

Ag =02 fork =1, 2, ..., r are obtained as follows:
A =1l fork=1,2,..,p 27
Akzoj fork=p+1,p+2,..,r (28)
o’ =o0,. (29)

Of course, (27) is ignored if p = 0 and also (28) is ignored
if p=r.

878

1) Proof of the uniqueness of p: The uniqueness of the
index p is proved as follows. Since olf depends on /; as shown
in

1
2 2
oF = m((p—k+ Do, — k). (30)
the following equivalence in inequalities is derived.
of<ly & o <l 31)
O’,? > & (7,?_1 > [ (32)
ofr=h & of_ =k (33)

fork=1,2, ..r.

If I > 0} = Ix4q is not true for k =1, 2, ..., r — 1, then
we have two cases that [ > [ > o,f or o,f >l > I
for k =1, 2, ..., r — 1 because of I > l;4. It follows from
the former case that /, > 0,2 or p = r. From the later case, it
follows that 03 > [y or p = 0. Therefore there exists at least
one index of p which satisfies one condition in (26).

Assuming p > 0 and [, > o7, then [, > o, follows from
(1) and I,y > o), follows from /,—1 > [,. Applying the
same procedure recursively, we have

lkt1 >0p fork=0,1,..,p—1. (34)

This indicates that 0 > /x4 does not hold for k =0, 1, ...,
p—1 iflp>o*3 for p > 0.

Assuming p < r and o) > lpt, then 0, | > [,y follows
from (32) and (33) and 03“ > lp4o follows from /41 >
l,4+2. Applying the same procedure recursively, we have

allek fork=p+1,p+2,..,r. (35)

This indicates that [ > 0,? does not hold for k = p+1, p+2,
vy 1O 03 > lpqq for p <.

Therefore the index p which satisfies one condition in (26)
is unique.

2) Proof of (27), (28) and (29): The function

h(A) = — (ln)\ + %) (36)

has a single peak at A = /. Consider the case that the domain
of A is restricted to 02 < A. If 02 </, the maximum value of
h(A) is obtained at A = /. If | < ¢2, the maximum value of
h(A) is obtained at A = o2.

Assuming that

lp > 02 2 lp+1, (37)

and maximizing L, with respect to Ay, A,, ..., A, under the
conditions Ay > o2 for k =1, 2, ..., r, we can readily obtain
(27) and

=02 fork=p+1,p+2, .., r. (38)
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Substituting (38) into (21), L, in (21) becomes equivalent to
L, as follows.

2
Lr(g,)\.],...,)\.r,vl,..., Vy,0 )l)»l‘,:o-z for k=p+1,p+2, P

— _N (ln {)»1)»2~-)\p (02)1’_”} + 2p:)lxik
k=1
s ook

k=1
(39)

2:

=Ly(O, A1, ..shp, 1,y vp,oz)

Maximizing L, with respect to o2, we can readily obtain o
03 or (29). It is consistent with the assumption (37).

3) Maximum Log-Likelihood Function: Substituting (27),
(28) and (29) into into (21), we have the formulation of the
log-likelihood function after maximizing with respect to Ap,
A2, ... A, and o2 as follows.

L,(®,vy,...,v,) = Ly(O,vq,...,v))

=—Nln {)»1)»2---)\13 (62)1’7”}

Finally in this subsection, we have to note that there is no
ML solution for the model of rank{S } = rank{P } = r unless
p = r, because the solutions in (28) belong to the marginal set
of the solution space Ay > o2 fork = p+1, p+2 ..., r and the
marginal set does not included in the solution space. Instead
the ML solution for each model of rank{S} = rank{P} = k
for k =0, 1, ..., p is obtained as

(40)

Ai=1;

02 = 01?'

fori=1,2, ..,k 1)

(42)

D. Maximization with Respect to vy, vy, ... U,

Next we consider the maximization of L, with respect to
V1, V3, ..., U, assuming that [ > 0,2 fork=1,2,..r.

Introducing Lagrange’s multipliers to realize the constraints
in (19) in a new criterion, taking derivatives of the new
criterion with respect to unknown real parameters in v, v»,
..., v, and making the derivatives equal to zero, then we can
obtain a set of r equations in the complex form as follows.

1 1Y -
(—2 — —) Rss(®)vg = apiv1 + ogav2 + ... + 0, 0,
o} I
(43)

fork,i=1,2,..r.
(44)

Qi = ik

where oy; is a complex number determined by Lagrange’s
multipliers and the bar indicates the complex conjugate.
Because of (19) and (22), multiplying (43) by v from the
left, we have
1 1 H 3
Ak = (— - —) v;' Rss(O)vy.

o? Ik

(45)
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From (44), we also have

B 1 1 ~ H
o = Ak = ( - —) (vass(@))vi)

o2 I
11 .
= (—2 - —) v Rss5(®)vy. (46)
oy ll'

1) In the Case of I # [;: From (45) and (46), we have
ay; = 0if Iy # [; for k # i. Therefore if [ # [; for
all combinations of k and 7 that k # i, then we have the
eigenequation

1 1) =
(_2 — _) RSS(®)vk = Ok Vi fork=1,2,..r.
o? I
47)

Therefore vy, vy, ..., v, must be eigenvectors of the matrix
Rs s(®) and orthogonal each other. The Hermitian form /; =
vf R ss(®)vg in (22) is an eigenvalue of the eigenvector vy
fork=1,2,..r.

2) In the Case of I =1, = ... =1, Let vy, vy, ..., v, be
the solutions which maximize L, and assume that /; =/, =
... =l (= lp) for a certain p that u < r. Then the maximum
log-likelihood function is rewritten as

L,(®,v1,v3,v3,...,v,) =—NIn {(lé‘lu+1...l, (GE)P—r}

1 . r
2 _
o7 =-"F wRy— o+ Y I (48)
k=p+1
and the equations (43) and (44) are reduced as follows.
kss(@)vk =oe;€1v1 +Ot;€2v2+...+6(]/qtl)u 49)
ap, = v Rss @)y = 1o (50)
ap; = v Rss(®)vy = a), (51)
fork,i=1,2, .., u.
Define the following 2 x 2 matrix 4,
H /
v ~ I} o
|: L 1|RSS(®)[UI v2]=[ ) 12 ]=A12- (52)
vy ap, o
The matrix A4, has two eigenvalues, ie., /| = lo — |ai2]

and [, = Iy + |at12]. Let e and e, be the unit eigenvectors
corresponding to /| and /’,, respectively. Define

v} =[v v2]e; and v, = [vy vo]e,. (53)

Then we have
vllHRSS(@)v/l =ef{;112€1 =17 =1y — |orz], (54)
v Rss (@) = e dines =15 = lo + Jara|. (55

If it holds that /] > o, then we readily obtain the following
inequality.

L, (©,v],v),v3,...,0,)
_ p=r
— _Nn {(zg ey (03) }

> L, (®,v1,v2,03,...,0;).
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The equal sign holds iff |a},| = 0. Therefore we have |a},| =
0 because vy, vy, ..., v, should give the maximum of L,.

Although /), is greater than o2, 1 { may not. In the case that
/ ; < 0,2, the log-likelihood function is rewritten as

L,(®,v],v5,v3,....,v,) = L,_1(0,v},v3,...,v,)

~ , p—r+1
=_—_Nln {(ZO —+ |(x’12|)l(l; 21M+1-..1r (0—72*1) } (57)
where
1
o - - 2 4
o, = p— ((p r)o; +11). (58)

Because /| is written in the Hermitian form of the non-
negative definite matrix Rgs(®) as shown in (54), /{ has a
non-negative real value. Under the conditions 0 </} < o}
addition to 0 < Iy, we can derive the following inequality

in

L,—1(©,v5,v3,...,v,) > L, (0,v1,v2,03,...,v,).  (59)

This conflicts with the assumption that v, v;, ..., v, are the
solutions which maximize L,. Therefore /{ > 0,2 and |oqs|
vanishes.

From the same discussion as above, we obtain oy; = 0 for
all combinations of k and i that k # i in { 1, 2, ..., u }. Then
the equations (49) are rewritten as

Rss(®)vy = lovg fork=1,2, .., u. (60

Therefore [, becomes an eigenvalue of Rss (®) with u
multiplicity and vy, vy .. v, are the corresponding unit
eigenvectors orthogonal each other.

3) Selection of Eigenvalues: Let [y > [, > ... > [; be the
eigenvalues of R ss(®) for a certain fixed ©. As well as the
definition in (25), we define

k
1 -
2 _ ~
Oy = »—k (tr{R} - ;:1 ll) for k=1, 2, ..., g. (61)

and ag as in (24). Also as well as the definition of p in (26),
we define n be an index in { 0, 1, ..., ¢ } which satisfies one
of followings

oy =1 forn =0
Iy > 05 >yt forn=1,2,..,q-1. (62)
lg >0} for n =gq

It is apparent that there is no ML solution for the model of
rank{S} = rank{P} = r if r > 1. In the case of r < 5, the
maximum log-likelihood function of the model of rank{S } =
rank{ P} = r is given as

2\
L,(©) = —NIn {1112...1, (0) } (63)
where 0,2 is defined in (61). In other words, { /1, I3, ..., [, }
is the best selection of all choices of r eigenvalues from { /;,

[, ..., Iy }. It is proved as follows.

Let lg,, lkys s lk,_, be a certain choice of r —1 eigenvalues
from all eigenvalues. We consider how to select the r-th
eigenvalue form remaining p —r + 1 eigenvalues. We assume
that

Ik, > 0F (ki kay o kpy) fori=1,2,.,r—1, (64

r—1
1 5
2 (ki kaynkyo) = ———— [w{R) — . |,
o,_y(k1, k2 r—1) Py— r{R} i§=1 ki
(65)

and define

p—r

Lr() = =N In{li iy iy (0209) "}

o2(h) = ((p— 1+ Do (ky ko krey) —x).
(67)

(66)

—r

The curve of L,(A) as a function of A has a single valley
within the domain of 0 < A < (p—1+1)o*r271 (k1,kay .o kr—1)
and becomes minimal at A = orz_l(kl,kz, v kr—1).

Let /i, be the largest eigenvalue of remaining p — r + 1
eigenvalues. In order to maximize L,()A) by substituting one
of remaining eigenvalues into A, the assignment A = [, is the
best, where Iy, > o7 (ki.ka,...,k,—1) is guaranteed by the
assumption r < 1.

Removing the smallest eigenvalue from /,, li,, ..., [, and
adding the largest eigenvalue of the remaining eigenvalues, a
better selection of r eigenvalues is obtained. Iterating the same
procedure at most r times, the best selection of r eigenvalues
is obtained as /1, /2, ..., I;.

E. ML Estimation of ®

At first, dependence of variables on ® is explicitly expressed
as follows: Rgs(®) in (23), its eigenvalues /{(®), [,(®), ...,
14(©) and eigenvectors v1(0), v2(0), ..., v4(O), also 07(0),
05(0), .., 67(0) in (61) and 1(®) determined in (62).

The maximum log-likelihood functions L¢(®), L{(®),
.., Lp@)(®) defined by (63) for any fixed © satisfy the
relationships

Lo(©) < L1(0) < ... < Ly@)(®), (68)

which follow from the property of L,(A) in (66) and the
conditions /,(®) > 02(®) for r = 1, 2, ..., n(®).

If no condition is imposed on the rank of S or P, L;@)(®)
gives the maximum value of the log-likelihood function for
fixed ®. Therefore, the ML estimation ® of ® is determined
as follows.

~

® = arg m@ax L(®), (69)

L(®) = Ly@©)(©). (70)
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To find ©, multivariate non-linear optimization techniques
should be used. The ML estimations P and R of P and R
are given as

n(®)
=Z(lk(®) 02 5 () v @pf ©)., T

R=Vs@®PVE®)+0%. (O)I,. (72)

n(®)

It is guaranteed that the estimated covariance matrix of signal
components

. R A N—1/2 . R ~ \—H/2
S = (AH(®)A(®)) P (AH(@))A(@)) (73)
is non-negative definite.

When the rank of § or P is restricted to be a certain fixed
rin {1, 2, ..., ¢ }, first we define the solution space 2,
of ® in which the ML function of the model of rank{S} =

rank{ P} = r can be defined. That is

Q ={0|r =)} =1{0[,(©) >0 (©)} (74

The ML estimation ©, of © for the model of rank{S} =
rank{ P} = r should be searched as

6, = L,(©). 75
r = arg max r(©) (75)
However, because of the condition /,(®) > ¢2(®) in (74), the
marginal set T, = { ® | /,(®) = 02(©) and © € Q, } is not
included in §2,, where Q, is the closure of €2,. Define

©, = arg max L,(0©).
[CIS

(76)

In the case that ® )y belongs to I, ©, does not exist. It happens
occasmnally If @, exists, then The ML estimations P and
R, of P and R for the model of rank{S} = rank{P} = r
are given as

r

Pr =3 (k6= 02(60) k(O 0f B, (77
k=1
=Vs©)P,VE(©,) + 02O, (78)

and it is guaranteed that the following estimated covariance
matrix of signal components is non-negative definite.

(47 ©®na0,) "
(79)

§, = (4"@)a@,) " b,

IV. SIMULATIONS

In this section, comparisons of the proposed formulation
of UML and the previous formulation [6], [7], [8], [9], In the
incoherent case, the previous formulation is written as follows.

Oc = arg m@a)lx Lc(©) (80)

3-2-2: Conv. —----- PR
3-2-2: Prop. —— -

4-3-3: Conv. --—--— S
43-3:Prop. —— b

RMSE
n
a

T

‘
0 10 20 30 40 50
SNR [dB]

Fig. 1. Comparisons of RMSE for proposed and conventional formulations
of UML DOA estimation. A uniform linear array of omni-directional sensors
with the sensor space of half wavelength is assumed. The three figures p —
g — r in the graph represent the number of sensors, the number of impinging
signals and the number of independent signals in the impinging signals. The
directions of arrival are 0° and 8° for ¢ = 2 and 0°, 8° and 16° for
g = 3. The number of sample vectors (snapshots) is 100. Optimal DOA’s for
both formulations are searched by Alternating Maximization algorithm with
a sequence of one-dimensional global search.

where
Lc(®)=—-NInLgs(®)Ln(O) (81)
Ls(®) = det{ Rs5(®)} Ln(0©) = det{Ryn(©)} (82)
RyN(O®) =6%(O) 5y (83)
1 - -

6%(©) = - {utk) — u{Rss (O)}] (84)

The estimations of P and R are given as
Pc = Rss(©c)—a*(Oc)l, (85)
Rc =Vs(©c)PcVE©c)+0%(Oc),.  (86)

In Fig. 1, the root mean squares errors (RMSE) of the
proposed estimation of DOA in (70) and the conventional
estimation in (80) are depicted. The scenario of the simulation
is shown in the figure caption.

From Fig. 1, it is found that the conventional formulation
fails to find DOA. The maximization of Lc(®) is associated
with each minimization of Lg(®) or Ly(®). The local
solutions of (:)C associated with the local minimum of L g(®)
are inadequate DOA, since It’c has negative eigenvalues.
When one of such local solutions becomes global solution,
the estimation of DOA fails. This is the reason of the failure
of the conventional formulation. While such problem never
happen in the proposed formulation.

V. CONCLUSIONS

The estimation of the covariance matrix of signal compo-
nents in the previous formulation of UML estimation becomes
non-negative definite in the condition of high SNR or a
large number of samples but is not guaranteed to be non-
negative definite although it must be non-negative definite.
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This paper present an exact formulation of the UML estimation
in which the estimation of the covariance matrix of the signal
components is guaranteed to be non-negative definite.
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