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Abstract—We discuss a method of regularization and a con-
struction method of dictionary which have a high degree of
freedom within the framework of multikernel adaptive filtering.
The multikernel adaptive filter is an extension of the kernel
adaptive filter using multiple kernels. Hence, it has offers higher
performance than the kernel adaptive filter. In this paper, we
focus on the fact that the multikernel adaptive filter determines
a subspace in the sum of multiple reproducing kernel Hilbert
spaces (RKHSs) associated with different kernels. Based on this,
we propose a novel method to individually select appropriate
input signals in order to construct dictionary which determines
the subspace. Furthermore, based on the fact that any unknown
filter is an element in RKHS, we propose L, regularization in
order to avoid overadaptation. Also, we derive an algorithm
that fixes the dictionary size in order to construct an efficient
adaptive algorithm. Numerical examples show the efficiency of
the proposed method.

I. INTRODUCTION

Filters that approximate or track unknown systems that
change from time to time are known as adaptive filters [1].
Adaptive filtering is a challenging technique which has been
applied to system identification, noise or echo cancellation,
and signal prediction. Depending on whether the system (to
which the filter attempts to adapt) is linear or nonlinear, the
hypothesized model changes. There are a number of research
results regarding nonlinear adaptive filters. In particular, a
well-known filter is the adaptive Volterra filter [2]-[4]. More-
over, in recent years, the efficiency of kernel adaptive filters
has become well-known [5]-[13].

The kernel adaptive filter is a nonlinear adaptive filter that
also makes effective use of kernel methods, which are one of
the techniques to construct effective nonlinear systems with
a reproducing kernel Hilbert space (RKHS) [14], [15] and a
positive definite kernel [14], [15]. In this case, the filter is an
element in the RKHS and output of the system is modelled as
inner product of the filter and nonlinear mapping of the input
signal. By using kernel methods, we maintain the advantage
of using linear methods, while applying them to nonlinear
mapping of the input signal. That is, even though the inner
product in a higher dimensional feature space to which this
mapping belongs cannot be computed explicitly, it is possible
to compute the inner product through the use of a RKHS

as a higher dimensional feature space, with its corresponding
kernel.

Since the kernel adaptive filter is represented by the linear
sum of kernels corresponding to observed input signals, the
adaptive algorithm is intended to estimate coupling coeflicients
of kernels. Hence, as the number of observed input signals
increases, the computational load increases due to linearly
growing dimension of the subspace. Furthermore, the filter will
be prone to overadaptation (or overfitting) due to increasing
model dimension. Therefore, it has been proposed [8] to a
reduction method of a number of kernels to design the filter
by constructing a set of functions called a dictionary, using
a coherence threshold. This method judges whether to add
the kernel corresponding to an observed input signal to the
dictionary at each time instant. Thus, the observed input signal
similar to a signal in the dictionary is discarded. This method
makes it possible to prevent overadaptation, and to reduce the
computation time in updating the filter.

A multikernel adaptive filter is a modified version of the
kernel adaptive filter [16], [17]. The multikernel adaptive
filter estimates unknown systems adaptively using multiple
different kernels. It offers higher performance than the kernel
adaptive filter. Moreover it has been reported that the multik-
ernel adaptive filter can be applied to nonstationary nonlinear
systems [16].

Considering the multikernel adaptive filter within the frame-
work of RKHS, it can be seen that the output of the multikernel
adaptive filter is represented by the inner product in RKHS
determined by a sum of multiple kernels. However, in spite of
using the multiple different kernels, a common dictionary is
used for all kernels [16]. In this paper, we focus on the fact that
the output signal is estimated by the inner product in RKHS
determined by the sum of kernels. Based on this, we propose
to construct a dictionary independently in each RKHS. Hence,
adaptation performance is improved since each subspace is
constructed in each RKHS. Moreover we define the cost
function with L, regularization, and weight coefficients of
the filter are updated by this cost function, because the filter
may cause overadaptation by increasing degrees of freedom
of the filter. Furthermore we propose an algorithm that fixes
the dictionary size in order to effectively adapt nonstationary



nonlinear systems. Numerical examples show the efficiency of
the proposed method.

II. KerRNEL ADAPTIVE FILTERS

In this section, we describe kernel adaptive filters and a
multikernel adaptive filter.

A. Kernel Adaptive Filters

Kernel adaptive filters are an extension of linear adaptive
filters by kernel methods. In what follows, we describe the
kernel least mean square (KLMS) algorithm [6] and the kernel
normalized least mean square (KNLMS) algorithm [8].

1) The KLMS Algorithm: Let U c RY, w € U, and F
denote the input space, the input signal, and the higher feature
space respectively. Suppose that the output of system is given
by the inner product f(u) = (Q,#(u)) of the filter Q € F
with a nonlinear mapping of an input signal ¢(u) € F. We
consider the problem of adaptively estimating filter Q. The
output signal at time instant kK € N can be written with filter
Q€ F as

Ve = flug) = (. p(ur)). (D

Let d; € R denote the desired signal, as well as the LMS
algorithm [1], the estimation error is represented as

er = di = (i, p(ug)), 2

hence, the filter is updated as follows:

Qi1 = i + perd(uy), 3)
where, if Qg := 0, (1) can be rewritten as

k-1

Ve = (Qu (u)) = ) e d(w), plw)). @)

i=1

Generally, it is difficult to explicitly compute the inner product.
However, it is possible to compute the inner product easily
through the use of a RKHS H as higher dimensional feature
space ¥. Let «(-,-) : U X U — R denote the kernel of H and
inner product (¢p(u;), d(uy))4 is given as

(P(w), p(wi)) sy = k(i ). ®)

In terms of the kernel, the output is rewritten as

k-1
Vi = Qi Pyt = 1) e, wp). (©)
i=1

For example, polynomial kernel and Gaussian kernel are used
as the kernel [6]. Figure 1 shows a conceptual diagram of
the kernel adaptive filter. As shown in Fig. 1, the input wuy is
mapped by ¢(-), and the output is given by the inner product
with Q. Then, the filter € is updated to reduce the error.

Input /
uk—>gb() > <ka7 ¢(uk)>

Output

Yk

+
+
Desired signal

dp,

Fig. 1. Conceptual diagram of kernel adaptive filters

2) The KNLMS Algorithm: (6) can be rewritten as

k
= ) k(s we) = b Ky, (7)
i=1
where, h, := [hy,...,]" is weight vector, k; :=
[k(wy, wg), ..., k(g we)] ™. Also, Q is represented as

k
Q= > (i, ). (8)
i=1

Essentially, updating € is equivalent to updating hy. There-
fore, the updating equation can be written by using the NLMS
algorithm [1] as follows:

hi = hg + (di — by KKk, &)

P+ Il
where 1 and p are a step size parameter and a stabilization
parameter respectively.

3) Coherence-Based Sparsification: As seen from (8), the
filter is represented by the sum of kernels associated with
all of past input signals. Hence, as the number of observed
input signals increases, not only does the computational burden
grow, but also infinite memory size is required in principle.
Therefore, the filter may lead to overadaptation. For this
problem, in [8], the number of kernels restricted by using
coherence-based sparsification. In what follows, we describe
KNLMS algorithm with coherence-based sparsification.

The coherence-based sparsification constructs a set of func-
tions called a dictionary using a coherence threshold in order
to restrict a number of kernels. Let J; := { j(lk), jgk), e j(,lk‘)} C
{0,1,...,k — 1} indicate the dictionary {«(-,u;)}jeq,. Here,
ri := |Jk| is the dictionary size with |-| denoting the cardinality
of a set. Then, the output signal is given by

V= ) hjn(u, ), (10)
JE€Tk
Moreover, it can be written simply as
i = hy Ky, Y
where
h, = [hj(lk),k’ hjék),k, R hj‘,i),k]T € R, (12)
K= [ o, i), k(W o, ), - .,K(uj(k),Uk)]T eR™*. (13)
2 Tk
If the initial value of weight vector is hy := O and the

coherence threshold is & > 0, the update rule is then given
as follows:



1) If ) >
) 52%§|K(uk,uj)|>

Jik+1 = Tk (14)
hi = hy + m(dk - h;fik)ﬂk; (15)
2) If max|«(ug, uj)| <6
JETk
Tt = Tk ULk}, (16)
- )7 - _ _
hi = he + m(dk — hj Ri)Rx, a7

where 17 and p are a step size parameter and a stabilization
parameter respectively. Also, Ry = [K], k(ug, up)]’, h; =
[h],0]". Namely, this rule with the coherence threshold judges
whether to add the kernel generated by the observed input
signal to the dictionary at each time instant. The kernel is
added to the dictionary if necessary, or discarded if not needed.
Consequently, the filter is an element in the subspace that is
spanned by the dictionary.

B. Multikernel Adaptive Filters

A multikernel adaptive filter is a modified version of the ker-
nel adaptive filter by using multiple different kernels, it offers
higher performance than the single kernel adaptive filter and
moreover it can be applied to nonstationary nonlinear systems.
In what follows, we describe the multikernel NLMS algorithm
with coherence-based sparsification (MKNLMS-CS) [16] that
is an extension of the KNLMS algorithm described in Section
II-A3.

Assume that M different kernels {«,(:,-)}mepm are given.
Here, M := {1,2,...,M}. Let Ji := (j*, /% .... /) c
{0,1,...,k—1} indicate the dictionary {k,,(-, ®;)}mem, je7,- Here,
e := |Jkl is dictionary size. In this case, the output signal is

defined as
Yk = Z Zhg?kkm(uk,uj)-
meMjeTk

(18)

Furthermore we estimate {hfj)k}, where, we define h,,; and
Kmy as follows:

«(k (k)
) Uy

B = [HO1) Y KU € R 19
m,k-—[m’k’ mk 2 m,k] € B ( )
Ko := [k (W 00, W), Kin (U0, W) - s K (0, i) ] € R

(20)
The output is rewritten as
Y= Y Bk @)
meM
If the initial value of weight vector is h,o := O and the

coherence threshold is 6 > 0, the update rule is then given
as follows:
1) If max max|,(ug, u;)| > 6

meM  jeJi
Tir1 = Tk (22)
n
h,, = h, ———(di - ks 23
Kl ,k+p+ ZM||Hm,k||2( k= YoRmks  (23)
me

2) If max m%xlkm(uk,ujN <6
k

meM  je
Ti+1 = T Y k), (24)
Pt = g + 7 (d = Y)Rmpe  (25)

p+t Z ”’?"/m,k”2
meM

where 1 and p are a step size parameter and a stabiliza-
tion parameter respectively. Also, Ry 1= [K ., Km(Wi, u)]",

RPyi = [k ,.0]". Note that, if M = 1, the MKNLMS-CS
algorithm coincides with the KNLMS algorithm.

III. MULTIKERNEL ADAPTIVE FILTERS WITH MULTIPLE
DICTIONARIES AND REGULARIZATION

In this section, we give a representation of multikernel adap-
tive filters in terms of a RKHS and propose the multikernel
adaptive filter with multiple dictionaries and regularization.
Then we derive the associated algorithm. First, we indicate that
the multikernel adaptive filter in [16] is an element in a RKHS
associated with a sum of different kernels, Moreover, we
describe the RKHS as a sum space of RKHS associated with
each kernel. Based on this, we show that it is possible to design
a filter that has a high degree of freedom by constructing
the dictionary in each RKHS. Furthermore, we discuss L,
regularization in order to prevent overadaptation. Finally, we
derive an algorithm that fixes the dictionary size in order to
construct an efficient adaptive algorithm.

A. The Sum Space of RKHS

We describe the sum space of RKHS [18] in order to
discuss a space in which a multikernel adaptive filter exist.
We consider the case of sum space of two RKHS, for the
sake of ease without loss of generality.

1) Norm: Let ‘H and || - |l¢x denote RKHS and the norm of
H respectively. Moreover, H; @ H, denotes the direct sum of
RKHS of H; and H,, it is represented as H. In this case, the
norm of direct sum f = (fi, f2) € H of fi € H; and f, € H,
is represented as follows [18]:

A3 = AR, + IAIE,. (26)

In particular, if H; N H, = {0}, the sum space H := {f =
fi+hHh 1 AieH,reH)is isomorphic to the direct space
H [18]. Consequently, the norm in H is represented as

AIZ, = AN, + 112, 27)

2) Reproducing Property: Let the kernel of H) _and H,
denote «; and «, respectively. The value of any f € H can be
evaluated by the kernel x = k; + k, [18]

S @) = (fok( w))gy

= (1, k1Co ), + (S k2 (5 W)y (28)



B. Multikernel Adaptive Filters With Multiple Dictionaries
and Regularization

Assume that M different kernels {«, (-, )}nepm are given.
Here, M :={1,2, M}. Also, let H,, and H denote RKHS
determined by the mth kernel and the sum space. In this case,
from (28), the output is represented with the filter Q; € H
and nonlinear mapping of input ¢(uy) € H as

Vi = (Qp, p(ug)) o
= Z (ks Pin( i), -

meM

(29)

Q. can be constructed in each H,,. Hence, € is the sum of
Q,x in H,,. Therefore, we can consider

mk = Z h(j) Km(" ’Ll,,)
JETmk

(30)

Thus, there is no need for the index set of dictionary in
each RKHS to equalize. Let J,,x = { ](lk), ](zk),..., ](,In?k} -
{0,1,...,k — 1} indicate the mth dictionary {«,(,u;)}jc7,,-
Here, rux = |Jmil is the mth dictionary size. Then in the
MKNLMS-CS algorithm,

Tnk =Tk (In,Nle Myn 1), (31)
while, in the case described in (30),
Tk =T (In,¥le Mn #1). 32)

Consequently, it can be said that the filter € given by (30)
has a high degree of freedom and generality. The output is
rewritten by using the € as

Vo= )0 DD k(e ), (33)
meMET mk
Moreover, it can be written simply as
eI (34)
meM
where,
(k)
P 2= W W) T e me3s)

mk mk ""’

Kk = [Km(uj(lm, Uy), Km('uj;k), up), ..., Km(uj‘rf,f,k S ’u,k)]T € R/mk
(36)

Next, we discuss the cost function used to determine the
filter. For simplicity, we choose L, norm, and apply regular-

ization for Q,, ; in order to avoid overadaptation. We define the

cost function in order to update weight vector h,,; as follows:

Ci 1= ldi — (. $w))ul + 3 Al Qi

m

meM
2
2
= |de = D Qi (i, | + D Al il
meM memM
2

= |dy — Z <Qm,k9 ¢m(uk)>7‘lm

meM
+ Zam< D WDk Coup), B K,,,(-,u,)>
meM JETmk JETmik H,
2
= ldi = > Qs G,
meM
D A D0 DD G ), s ),
meM JETmk JET mk
2
=ldi= Y B gkimi| + Y Awhy Kb  (37)
meM meM

where the second term in the right-hand side of the cost
function is the L, regularization term, and also, K, ; and A,,
are a Gram matrix and a regularization parameter of the mth
kernel respectively.

If the initial value of weight vector is h,,o := O and the
coherence threshold is ¢,, > 0, by using (37), the update rule
is then given as follows:

1) If maxlkm(uk,uj)l > O
JES mk

Tmi+1 = Tmks (33)
(dk - yk)""fmk - /lme khmk
hm, = hm, +n - - —; (39)
e p+ 3 P
meM
2) If maxlkm(uk,uj)l <Om
J Jmk
jm,lHl = jm,k ) {k}, (40)
- (dx = Yi)Remk — An K ihum
hm = hm + - — - =, 41
Kt = kS Wl @D
meM

where 1 and p are a step size parameter and a stabiliza-
tion parameter respectively Also, Ky = [k mk,Km(uk,uk)]
l_zm,k = [hT 0]". K is a Gram matrix of &, ;. We name the
above proposed algorithm the multikernel NLMS algorithm
with multiple dictionaries and coherence-based sparsification
(MKNLMS-MDCS).

Finally, we discuss an update rule if the dictionary
size is fixed. Let L, denote a dictionary size in H,,. If

m}lx [Km(ur, wj)l < 6, is satisfied, and the dictionary exceeds
JE
the size L, (thus |« = L,), we delete the oldest kernel in

the dictionary. In this case, the above update rule 2) is replaced
by what follows:



2y If (Ui, w))| < O
) jrgjalXIK (ug, uj)l

mk

mi U {k el < L
T = {J,ku{} (il < L)

(L?m,kl = Lm)’
(42)

(jm,k U {k}) - minjm,k

R k11 is updated by (41) with

Rmk = [’?’n-:,k’ K (U, uk)]—r: (43)
P = [hy,. 017, (44)

where R, ; and fzm,k are the deleted first element k,,; and
h,,; respectively. We name this algorithm the multikernel
NLMS algorithm with multiple dictionaries fixed dictionary
size (MKNLMS-MDF). This rule deletes unnecessary kernels
(kernels generated by the system prior to the switch). Hence,
the algorithm is practical because memory size can be fixed,
and it can be applied effectively for nonstationary nonlinear
systems.

Note that, as the number of different kernels, M, increases,
the memory usage of the proposed algorithms increases unlike
the MKNLMS-CS algorithm. However, the computational
complexity of the proposed and MKNLMS-CS algorithms can
get almost similar by adjustment of coherence thresholds.

IV. NUMERICAL EXAMPLES

This section demonstrates the efficiency of the proposed
method through two computer experiments. One demonstrates
the pure effect of using multiple dictionaries and L, regular-
ization compared to the existing methods on online prediction
of a nonlinear system. The other demonstrates effect of the
update rule with fixed dictionary sizes on online prediction
of a nonstationary nonlinear system. In the experiments, we
adopt a Gaussian kernel as

w(ui, wy) = exp(=Lllu; — wll’) (£ = 0).

The MKNLMS-CS, the MKNLMS-MDCS, and the
MKNLMS-MDF algorithms employ two Gaussian kernels.
The parameters of two Gaussian kernels «(-,-) and «,(-, ) are
{1 and &, respectively. In this case, H; N H, = {0} is obvious
because different Gaussian kernels are linearly independent.

(45)

A. Online Prediction of a Nonlinear System

We consider the nonlinear system as follows [8]:

di = (0.8 = 0.5exp(~d;_,))di1

-(0.3+09 exp(—d,%_l))dk,g + 0.1 sin(dy_17), 46)

where d; is the desired signal, whose initial value is
[d_1,d_»]" =[0.1,0.1]7, and data size is 3000. Moreover, d
is corrupted by noise sampled from a zero-mean Gaussian
distribution with standard deviation equal to 0.1. Input signals
are u; = [di—1,dr—]". In the adaptation of the system, we
compare NLMS, KNLMS, MKNLMS-CS, and MKNLMS-
MDCS algorithms. The evaluation criteria adopted mean
square error (MSE). The MSE is calculated by taking an arith-
metic average over 100 independent realizations. Parameters of
each filter are given in Table 1. Here, the coherence thresholds

TABLE I
PARAMETERS

NLMS a=10x1072,8=30x1072

KNLMS1 7=9.0x10"72,p=3.0x107
§=095,=0.5

KNLMS2 7=9.0x10"72,p=3.0x107
§=036,{=10

MKNLMS-CS 7=9.0x10"72,p=3.0x1072

5=0.885,01 =05, =10
7=9.0x10"7,p=3.0x107?
01 =0.8,8,=02,¢1 =05, =10
A =1.0x10"19 2, =2.0x1073

MKNLMS-MDCS

10 ‘
KNLMSI r = 33.92
KNLMS2 r = 34.07
MKNLMS-CS r = 33.58
1 0_1 MKNLMS-MDCS 7 = 33.96
c"f) NLMS KNLMS1 KNLMS2
=
-2
10
MKNLMS-MDCS MKNLMS-CS

0 1000 2000
Number of lterations

3000

Fig. 2. Learning curves of NLMS, KNLMS, MKNLMS-CS and MKNLMS-
MDCS for the nonlinear system

of MKNLMS-CS and KNLMS were manually adjusted such
that the numbers of kernels forming the filter are almost the
same as that in the MKNLMS-MDCS.

Figure 2 shows the MSE at each iteration, where r denotes
the mean of the number of generated kernels. From Fig. 2, it
is seen that, thanks to the use of multiple dictionaries and L,
regularization, the MKNLMS-MDCS algorithm shows smaller
MSE than the others.

B. Online Prediction of a Nonstationary Nonlinear System

We use the following nonlinear model [16] to generate a
test signal:

d; = (0.2 = 0.7 exp(—d}> ))d,_,

- (0.8 + 0.8 exp(~d;2 ))d;_, + 0.2sin(d,_,m),  (47)

where, the initial value is [d’,,d’,]" = [0.1,0.1]7, and data
size is 21000. Moreover, d; is corrupted by noise sampled from
a zero-mean Gaussian distribution with standard deviation
equal to 0.1. The nonlinear system used in this simulation,
with d,’(, is defined as



Amplitude

-15 s ‘ ‘ ‘
0 0.5 1 1.5 2 2.5
Data number «10*
Fig. 3. The generated signal by nonstationary nonlinear system
10° ‘ ‘ ‘ ‘
10" ¢ —
w0
» 10 ‘ 3
= |IMKNLMS-MDH
1 0—1 | | ‘ | ‘ r\!g{r,” . B
MKNLMS-MDCS
107 ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 2.5

Number of Iterations «10*

Fig. 4. Learning curves of MKNLMS-MDCS and MKNLMS-MDF for the
nonstationary nonlinear system

d, (k < 3000)
d,+2 (3000 < k < 6000)
d, -2 (6000 < k < 9000)
dy = 3d, +4 (9000 < k < 12000) (48)
4, -4 (12000 < k < 15000)
4, +6 (15000 < k < 18000)
d, -6 (18000 < k < 21000).

Figure 3 shows a generated signal from the system. In
this experiment, we compare the MKNLMS-MDCS and the
MKNLMS-MDF algorithms in order to investigate efficiency
of the update rule with fixed dictionary sizes. The evaluation
criteria and parameters of filters are the same as Section [V-A.
Moreover, in the MKNLMS-MDF algorithm, the dictionary
sizes of «; and k, fixed 120 and 100 respectively.

Figure 4 shows the MSE at each iteration. From Fig. 4,
it is seen that the adaptation ability of the two approaches
is almost unchanged. However, an increase in efficiency (i.e.
decreased dictionary size for equal MSE) was noted with the

MKNLMS-MDF algorithm. The total of dictionary size in the
MKNLMS-MDF algorithm is fixed at 220 (the dictionary sizes
of ki and k, are 120 and 100 respectively), while the total of
dictionary size in the MKNLMS-MDCS algorithm was 427
(the dictionary sizes of «; and «, are 146 and 281 respectively)
on average. Hence, the MKNLMS-MDF algorithm is effective
for nonstationary nonlinear systems.

V. CoNCLUSION

This paper proposed a multikernel adaptive filter with
multiple dictionaries and regularization. By using multiple
dictionaries and regularization, we showed that adaptation
ability can be improved by numerical examples. Moreover,
we proposed an algorithm that fixes the dictionary size and
we showed its effectiveness by numerical examples.
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